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Abstract. This paper is about the clock number of a knot. First we define 
the clock number by using states of a knot defined by Kauffman. Next we 
show that if ii" is a prime knot, its clock number is greater than or equal to 
its crossing number. Finally we prove that its clock number is equal to its 
crossing number if and only if is a two-bridge knot. 



1. Introduction 

The Alexander polynomial is an important and famous invariant of a knot. In 
[I], Kauffman compose the Alexander polynomial by using the states which are 
obtained by the projection of a knot. The method of composing this polynomial is 
one of the most important results in [1^ , but there are many definitions and theorems 
which are not considered in detail and may have useful informations. One example 
of them is about a lattice. A lattice is a graph which consists of states and is used 
for finding the states. We define the clock number of a knot by using a lattice graph 
and study it. Then we find a relation between the clock number and the crossing 
number. Moreover we prove that the clock number of a knot is equal to its crossing 
number if and only if it is a two-bridge knot, using basic knowledges of knot theory 
in [2]. 

2. Preliminaries 

Definition 2.1 ([I]). A universe U is an oriented four-valent planar graph which 
can be obtained as a projection of an oriented knot without over/under information. 




Figure 1. universe 
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A state of U is an assignment of a marker to a corner of each vertex as in the 
form so that each region has exactly one marker, except for two adjacent 

regions where we put stars. See Figure [5] for example. Note that the number of 
regions exceeds the number of vertices by two. 




Figure 2. state 



Definition 2.2. Let K he a knot and K he a diagram of i^T. If there exists a 
circle which has exactly two crossings with K, and we have at least one crossing 
both inside and outside of the circle, then we call the part enclosed in this circle a 
splittable part. When there is at least one splittable circle in the diagram, we call it 
a non-proper diagram. Similarly, when there is no splittable circle in the diagram, 
we call it a proper diagram. 

Splittable part 




Figure 3. non proper diagram 



We also call a universe obtained by a proper diagram a proper universe. 

Definition 2.3. If a universe is proper, we call the first vertex the input point 
when we walk along the universe from the edge which the starred regions share, 
and the last vertex the output point. We also call a vertex touching one of the 
starred regions a boundary point. Note that the input point and the output point 
are also boundary points (Figure |4]). 
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output point 



Figure 4. 
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Figure 5. transposition 



Definition 2.4 ([!]). Suppose that two regions share edges and the marker in each 
region is touching one of these edges. Then a transposition is defined as a move 
switching these markers as in Figure [SI 

If a state S is obtained from S' by moving the two markers clockwise, then we 
caU it a clockwise transposition. Similarly, the transposition from S' to 5* is a 
counterclockwise transposition. 

A clocked state is a state which admits only clockwise transpositions and a 
counterclocked state is a state which admits only counterclockwise transpositions. 
See Figure [6l 



Using these definitions, Kauffman proved the following theorem. 

Theorem 2.5 ([!]). Let [/ be a universe and S be the set of all the states of U 
with fixed stars in adjacent regions. Then we have the following. 




clocked state 



counterclocked state 



Figure 6. a clocked state and a counterclocked state 
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(1) The set S has a unique clocked state and a unique counterclocked state. 

(2) Any state in S can be reached from the clocked state by a series of clockwise 
transpositions. 

(3) Any state in S can be reached from the counterclocked state by a series of 
counterclockwise transpositions. 

We can draw an oriented graph with vertex set S and two vertices are connected 
by an arrow if they are related by a transposition, where the arrow indicates a 
clockwise transposition. 

As in Figure [71 we put the clocked state at the top, and the counterclocked state 
at the bottom. We call this graph the lattice of U with a fixed starred regions. 

3. The definition of the clock number 

Definition 3.1. Let K he a knot, K he a, diagram of K, K he the universe obtained 
from K, i?2, ■ • ■ , ^c(a:)+2 be the regions of K, and Ri and Rj he adjacent 
regions, where c{K) is the number of crossings in K. Then we can generate the 
lattice of the states of K with stars in Ri and Rj. Let p{K\ i,j) denote the height 
of lattice, where the height means one plus the minimum number of transpositions 
which connect the clocked state and the counterclocked state. Define the clock 
number of K by the fomula 

p{K) mm{p{K;i, j)\ K : diagram, Ri, Rj : adjacent}, 

where the number is taken over all diagrams of K and adjacent regions. 

4. A relation between the clock number and the crossing number 
Theorem 4.1. Let if be a prime knot. Then we have 

p{K) > ciK), 
where c{K) is the minimum crossing number. 

Before we prove Theorem 14. 11 we introduce a lemma proved by Kauffman in [T]. 

Lemma 4.2 (^1 ). Let K he a knot, K he a proper diagram, K he a universe 
obtained from K , i?2, ■ • ■ , Rc{k)+2 regions of K, and Ri and Rj he adja- 

cent regions. Then the marker at the input point or the output point is transposed 
once, any marker at the boundary point (except for the input point and the output 
point) is transposed twice and any marker in the other cases is transposed four 
times or more when we get the counterclocked state from the clocked state. 

We need another lemma. 

Lemma 4.3. Let K he a knot, K he a non-proper diagram of K, and K be the 
universe obtained from K. Then we cannot transpose the marker at a vertex of one 
splittable part of K and the marker at a vertex of another splittable part of K. 

Proof. We expand one of the starred regions of universe K, and get Figure El 
Since if is a non-proper universe, we can draw Figure |9l 

Then the number of the regions inside the dotted circle which are not touching it 
is equal to the number of the vertices of Ki. We call these regions Di, D2, . . . , Dn. 
Since every vertex and every region (except for two starred regions) has exactly one 
marker, we see that the markers at the vertices of Ki are in Di,D2, . . . , Dn. 
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Figure 7. lattice 



Next we think about the marker which can be transposed with the marker at a 
vertex of Ki. The regions Di, _D2, . . . , -D„ share edges only with the regions inside 
the dotted circle. Moreover every marker on an edge, which Di [i = 1,2, ... ,n) 
and a region (with (*)) touching the dotted circle share, is in £)i,£>2, • • • , or £)„. 
Therefore wc can transpose the marker at a vertex of Ki only with a marker in 
L'i,£>2, ... or Dn- 

This completes the proof. □ 
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Figure 9. 



Proof of Theorem 14. II We choose K so that p{K; ~ p{K). If K is not proper, 
then we have a sphttable part fFigure[TO|). Smce if is a prime knot, we may assmne 
that there exists a sphttable part in which we can remove ah the crossings by using 
Reidemeister moves (Figure ni]) . Using Lemma 14.31 we have 

p(K;i,j) >p{K';i,j). 

This fact contradicts the assumption p{K;i,j) = p{K). Therefore K is d. proper 
diagram and K is a, proper universe. 

Since every proper universe has one input point and one output point, we see 
that the number of boundary points (except for the input point and the output 
point) is c{K) — 2 or less. Moreover since c{K) > c{K), then we have the following 
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K 



K 

Figure 10. 




K 



Figure 11. 



inequality. 
(4.1) 

completing the proof. 



p{K) > 1 + 



1x2 + 2{c{K) - 2) 



> c{K), 



5. The main theorem 



□ 



In this section we show that the equality of Theorem 14.11 holds if and only if K 
is a two-bridge knot. Actually we have the following theorem. 

Theorem 5.1 (Main Theorem). Let K he a. prime knot. Then its clock number 
is equal to its crossing number if and only if ii' is a two-bridge knot. 

Before we prove the theorem, we will prove two lemmas and one proposition. 

Lemma 5.2. Let K he a. knot, i^T be a proper diagram oi K , K he the universe 
obtained from K, i?2, . . . , Rc(k)+2 regions of K, and Ri and Rj be adjacent 
regions. Then the regions Ri and Rj share exactly two vertices. 

Proof. We can draw Ri and Rj as in Figure [T^l because Ri and Rj share at least 
one edge and two vertices. We assume for contradiction that they share one more 
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Ri 



Ri 



Figure 12. 



Ri 



Ri 



Ri 



Rj 



Ri 



Rj 



(A) 



(B) 



Figure 13. 

vertex as in Figure [131 There are two cases: (A) Ri and Rj are in the opposite 
corners, (B) Ri and Rj are adjacent. In the case (A), this graph cannot be a 
universe because there is an odd number of edges in the dotted circle in Figure 
[Til In the case (B), this graph has a sphttable part as Figure [TH contradicting the 
assumption that K is proper. 



Ri 



Ri 



Ri 



Rj 



(A) 



(B) 



Figure 14. 



This is a contradiction, proving the lemma. 



□ 



Lemma 5.3. Let i^T be a knot, be a proper diagram of K , K be the universe 



obtained from K, Ri, R2, . . . , i? 



c{K)+2 



be regions of K, Ri and Rj be adjacent 
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regions, and ri {rj, respectively) be the number of vertices oi Ri {Rj, respectively). 
If p{K) — p{K] i,j), then we have the following inequality. 

p{K) + n+ rj > 2c{K) + 2. 

Proof. From Lemma l5.2[ we see that + rj —2 vertices around the starred regions 
are boundary points. Since every proper universe has one input point and one 
output point, there are + r j — 4 boundary points exept for the input point and 
the output point. From Lemma [4.21 two markers are transposed once, + rj — 4 
markers are transposed twice and the other markers are transposed four times or 
more. Thus we have 

p(^) > 1x2 + 2(r, + r, - 4) + 4{c{K) - (r, + r, - 2)) ^ ^ 

= ~n - ^1 + 2c(A') + 2. 
Using c{K) > c{K), we obtain. 

p{K) + n + Tj > 2c{K) + 2. 
This proves the lemma. □ 

Proposition 5.4. Let K be a knot, K be a proper diagram of K, K be the universe 
obtained from K , i?2, . • . , Rc(k)+2 regions of and be the number of 
vertices of (fc = 1, 2, . . . , c{K) + 2). If there exist adjacent regions Ri and Rj 
with ri + rj = c{K) + 2, then K is a. two-bridge knot. 

Proof. Since two adjacent regions Ri and Rj share exactly two vertices (from 
Lemma 15.21) and + rj = c{K) + 2, a part of K looks like Figure [TS] Here 
we draw all the vertices and some edges. 




To restore K we need to add edges following the three conditions below. 

(1) There are four edges per one vertex. 

(2) The resulting universe has no splittable part. 

(3) Any new edge makes no more vertices. 

We will show that the resulting universe is a two-bridge knot projection. 
We start drawing an edge from one of the vertices which Ri and Rj share (See 
Figure fT6)) . 

Then the end point of this edge should be either the right-most point in the left 
hand side or the left-most point in the right hand side, since otherwise we would 
have a splittable part as in Figure [171 
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Figure 16. 



splittable part 




Figure 17. 




Figure 18. 



In Figure UHl we choose the point in the right side of the starting point for 
example. 

Next we draw another edge from the end point of the first edge. Then the end 
point of this edge should be the vertex next to the starting point of this edge or 
the vertex next to the starting point of the first edge f Figure [T9|l . In Figure [20l we 
choose the point in the right side of the starting point of this edge for example. 

When we continue drawing edges, each edge has two choices for its end point. 
Therefore we obtain Figure [21] as an example. 

As in Figure we regard a twisted part (;X30C) as a box. 

Expanding Ri on the sphere and smoothing the edges, we obtain a universe K 
as in Figure [231 
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end point 




Figure 21. 



We see that K is a two-bridge knot projection. Then is a two-bridge knot or 
the unknot. 

This completes the proof. 

□ 

We now return to the proof of the main theorem. 

Proof o/Main Theorem. We suppose that p(K) = c(K). We choose K, Ri and Rj 
so that p{K;i,j) = p{K), where Ri and Rj are starred regions. By Lcmma l5.3i we 
see that 

p{K) + n+ rj > 2c{K) + 2, 
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Figure 23. 



K 



and hence we have 

n + rj > c{K) + 2. 
Moreover using Lemma 15.21 and inequahty (|4.ip , we see 

n+rj-2< c{k) 



Then we have the inequahty 



Therefore we obtain 



<p{K) 

Ti + r.j < c{K) + 2. 
ri + rj = c{K) + 2. 



Using Proposition 15.41 we see that if is a two-bridge knot. 

Conversely, ii K is a two-bridge knot, a diagram K which has c{K) = c{K) is 
one of the foUowing two diagrams in Figure [211 
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TT 




Figure 24. 



We will show that p{K) is equal to c{K) when K has an even number of boxes. 
When we choose the starred regions as in Figure [25l the clocked state and the 
counterclocked state are as in Figure [26l 




Figure 25. 
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Since this universe has two markers which are transposed once and c{K) — 2 
markers which are transposed twice, we have 

p{K) <p{K;i,j) 

_ 1x2 + 2{c{K) - 2) 
2 

- c{K). 

Using Theorem 14. 11 we obtain 

p{K) = c{K). 

Similarly, we can prove that p{K) is equal to c{K) when K has an odd number of 
boxes. This complete the proof. 

□ 

The following example shows that if K is not a prime knot, then the inequality 
of Theorem 14. II does not hold. 

Example 5.5. Let K he a. non-prime knot as in Figure [571 When we choose the 
universe and the starred regions as in Figures [25] and [531 we can draw the lattice 
as in Figure [501 
Therefore we see 



p[K) < 5 < 6 = c[K). 
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Ki K2 



Figure 27. 




K 



Figure 28. 




Figure 29. 
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Figure 30. 



